The vibratory characteristics of rectangular plates attached with continuously and uniformly distributed spring-mass in a rectangular region are studied which may represent free vibration of a human-structure system. Firstly, the governing differential equations of a plate with uniformly distributed spring-mass are developed. When the spring-mass fully occupies the plate, the natural frequencies of the coupled system are exactly solved and a relationship between the continuous system and a series of discrete two degrees-of-freedom system is provided. The degree of frequency coupling is defined. Then, the Ritz-Galerkin method is used to derive the approximate solution, when the spring-mass is distributed on a part of the plate, by using the Chebyshev polynomial series to construct the admissible functions. Comparative studies demonstrate the high accuracy and wide applicability of the proposed method. Finally, the frequency and modal characteristics of the plate partially occupied by distributed spring-mass are numerically analysed. It has been observed that both the natural frequencies and the modes appear in pairs. Moreover, a parametric study is performed for rectangular plates with three edges simply supported and one edge free. The effects of occupation size and position of the distributed spring-mass on natural frequencies of the coupled system are studied in detailed. The present investigation provides an improved understanding of human-structure interaction, such as grandstands or floors occupied by a stationary crowd.
Introduction
It has been experimentally identified that a person or a crowd in stationary acts at least as a mass-springdamper on a structure where the interaction between human and the structure needs to be considered 0020-7683/$ -see front matter Ó 2006 Elsevier Ltd. All rights reserved. doi:10.1016/j.ijsolstr.2005.12.005 (Ellis and Ji, 1997) . This finding has led to further research of human-structure interaction (Ellis and Ji, 1996; Ji, 2003; Ji and Ellis, 1999) . When a crowd of stationary people presents on a grandstand or a long-span floor, the interaction between human and structure can be represented using discrete or continuous models. The simplest discrete model is a two degrees-of-freedom (TDOF) system in which the crowd is modelled as a single degree-of-freedom (SDOF) system and the structure as another SDOF system. The advantage of the model is the simplicity of analysis. On the other hand, it neglects the effect of all higher modes. The contribution of the higher modes may be not significant, but it needs to be validated. A simple continuous model is to consider a grandstand or a floor as an elastic plate while the occupants are modelled as a continuously distributed spring-mass on the plate. In such a case, all modes of vibration of the human-plate system can be considered. Therefore, the continuous model is more close to the actual situation than a discrete TDOF system. For such an engineering background, this paper investigates the dynamic characteristics of a rectangular plate with continuously and uniformly distributed spring-mass.
It is well known in structural dynamics that an undamped analysis is the ground work of a damped analysis. In general, the dynamic response analysis of a damped system can be carried out on the basis of the free vibration analysis of the undamped system. Searching the literature, no single paper is found to study the free vibration characteristics of a plate attached by continuously distributed spring-mass. Some papers studied the free vibration of rectangular plates with elastic/rigid point-supports, based on the energy method, using different approaches such as spline finite strip method (Fan and Cheung, 1984) , finite layer method (Zhou et al., 2000) , the Lagrangian multiplier (Kim and Dickinson, 1987) , the static beam functions (Cheung and Zhou, 1999; Zhou, 2002) , the orthogonal polynomials (Liew et al., 1994) and the exact solution (Gershgorin, 1933; Bergman et al., 1993; Zhou and Ji, submitted for publication) . Moreover, some papers studied the free vibration of rectangular plates with elastic/rigid concentrated masses by using different methods such as the exact solution (Bergman et al., 1993; Li, 2001 Li, , 2003 Zhou and Ji, submitted for publication), the optimal Rayleigh-Ritz method (Avalos et al., 1994) and the mode expansion method (Avalos et al., 1993; Wu and Luo, 1997; Wu et al., 2003; Chiba and Sugimoto, 2003) . Keane (1996, 1997) investigated the possibility of using attached masses to control the vibration of rectangular plates. Recently, Wong (2002) applied the Rayleigh-Ritz method to study the effect of distributed-mass on the vibration behaviour of a simply supported plate. Kopmaz and Telli (2002) studied the free vibration of simply supported rectangular plates carrying distributed-mass by using the Galerkin method. In addition, Avalos et al. (1989) studied the free vibration of simply supported rectangular plates partially embedded in an elastic foundation.
In the present study, the free vibration of rectangular plates with uniformly distributed spring-mass in a rectangular region is investigated. The relationship between continuous and discrete human-structure systems is demonstrated. A combination of the Ritz method and the Galerkin method is applied to derive the eigenvalue equation. The method is applicable for rectangular plates with arbitrary boundary conditions. Numerical results with high accuracy have been obtained. Some unique dynamic characteristics of a plate and distributed spring-mass system have been observed and discussed.
Plates fully occupied by uniformly distributed spring-mass
Consider an arbitrarily shaped uniform plate fully occupied by uniformly distributed spring-mass. The mass and stiffness per unit area of the spring-mass are m and k, respectively. Assuming that the dynamic deflection of the plate is w(x, y, t) and the dynamic displacement of the distributed-mass is z(x, y, t). The governing differential equations of free vibration of the coupled system are, respectively, m o 2 zðx; y; tÞ ot 2 ¼ Àk½zðx; y; tÞ À wðx; y; tÞ ð1Þ
DDDwðx; y; tÞ þ qh o 2 wðx; y; tÞ ot 2 ¼ k½zðx; y; tÞ À wðx; y; tÞ ð2Þ
is the flexural stiffness of the plate, h is the plate thickness, E is Young's modulus and m is Poisson's ratio. (4) shows that the mode of the distributed-mass is proportional to the mode of the plate. The amplitude ratio of the distributed-mass mode to the plate mode equals to 1=½1 À ðx=xÞ 2 . This means that if the natural frequency of the coupled system is smaller than that of the spring-mass, the distributed-mass and the plate move in the same direction. However, if the natural frequency of the coupled system is larger than that of the spring-mass, the distributed-mass and the plate move in the opposite directions. Moreover, Eq. (4) shows that the closer the natural frequency of the coupled system to that of the spring-mass, the larger the amplitude ratio of the plate mode and the distributedmass mode. Substituting Eqs. (3) and (4) into Eq. (2) gives
in which,
where l = m/(qh) is the mass ratio of the spring-mass to the plate. The solution of Eq. (6) is dependent on the sign of eigen-parameter K. It is seen from Eqs. (5) and (6) that when ðx=xÞ 2 > 1 þ l or ðx=xÞ 2 < 1, i.e. K > 0, the solution of Eq. (5) is identical to that of free vibration of the bare plate if K is regarded as the square of the natural frequency of the bare plate. When 1 < ðx=xÞ 2 < 1 þ l, i.e. K < 0, the solution is the same as the homogeneous solution of the static plate on an elastic foundation with the stiffness ÀqhK. Whereas when ðx=xÞ 2 ¼ 1 þ l, i.e. K = 0, the solution is just the homogeneous solution of the static plate. In such a case, the elastic force of the distributed spring on the plate just counteracts the inertia force of the plate. It is obvious that the free vibration solution of Eq. (6) exists only for K > 0. In such a case, the modes of the coupled system are the same as those of the bare plate and the eigenvalue K equals to the square of the natural frequency x p of the bare plate, i.e.
It is well known that there is an infinite number of natural frequencies x p for a bare plate, which is denoted by x pj (j = 1, 2, 3, . . . , 1). Each x pj corresponds to a mode of the bare plate. Solving Eq. (7) leads to a pair of natural frequencies, x 1j and x 2j , of the coupled system corresponding to each x pj :
This pair of coupled natural frequencies corresponds to one and the same mode shape of the bare plate. The following relationships can be demonstrated from Eq. (8) (Ellis and Ji, 1997) x 1j x 2j ¼ x pj x; x 1j < ðx pj ; xÞ < x 2j ð9Þ
Eq. (9) shows that
• The product of the natural frequencies of the coupled system is equal to that of the independent plate and distributed spring-mass.
• The first natural frequency of the coupled system is always lower than the smaller one of the two independent systems. However, the second natural frequency of the coupled system is always higher than the bigger one of the two independent systems.
It is observed from Eq. (8) that the frequency solution of the coupled system is equivalent to that of a discrete TDOF system, as shown in Fig. 1 , with the following parameters:
where A is the area of the plate. From the above analysis, it can be concluded that when uniformly distributed spring-mass fully occupies the plate, the vibratory characteristics of the plate and distributed spring-mass system can be exactly represented by a series of discrete TDOF systems. It is seen that for the studied case, two masses and the stiffness of the upper mass are constants and independent of the order of the TDOF systems. However, the stiffness K pj of the base mass varies with the order j of the TDOF systems. Therefore, with the increase of the order j, x pj and K pj monotonically increase.
Eq. (8) can be rewritten in the following form:
As x ¼ ffiffiffiffiffiffiffiffi ffi k=m p is a constant, x=x pj is a small amount for a larger j. In such a case, the following one-order approximation about ðx=x pj Þ 2 can be obtained ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Substituting the above equation into Eq. (11) gives
Eq. (13) indicates that for a sufficiently higher mode, the first natural frequency of the TDOF system is close to the natural frequency of the spring-mass and the second is close to that of the bare plate. According to the above analysis, the natural frequencies of the coupled system can be classified into two groups. With the increase of the pair order, one group of natural frequencies (the first natural frequencies in every pair) monotonically approaches to the natural frequency of the spring-mass from the lower side. Correspondingly, the other group of natural frequencies (the second natural frequencies in every pair) monotonically approaches to that of the bare plate from the upper side. For the given uncoupled frequencies x and x pj , the coupled frequencies x 1j and x 2j are determined by the mass ratio l. It is useful in engineering practice to define the degree of frequency coupling of the structurehuman interaction. The stronger the frequency coupling, the farther away the natural frequencies of the coupled system from those of the uncoupled systems. This can be explained from Eq. (9). If x 6 x pj , then x 1j =x < 1 and x 2j /x pj > 1. Eq. (11) can be rewritten as follows:
If x P x pj , then x 1j /x pj < 1 and x 2j =x > 1. Eq. (11) can be rewritten as follows:
Eqs. (14) and (15) can be, respectively, used to evaluate the degree of frequency coupling. It is seen from Eq. (14) that when x 6 x pj , the larger the deviation of the frequency ratio x 1j =x (or x 2j /x pj ) from 1, the stronger the frequency coupling, as shown in Fig. 2a . It is seen from Eq. (15) that when x P x pj , the larger the deviation of the frequency ratio x 1j /x pj (or x 2j =x) from 1, the stronger the frequency coupling, as shown in Fig. 2a . Degree of frequency coupling when x 6 x pj . The smaller the frequency ratio x 1j =x or the larger the frequency ratio x 2j /x pj , the stronger the frequency coupling.
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Fig. 2b. It can be observed from Fig. 2 that the closer the natural frequencies of the two uncoupled systems (x=x pj closes to 1), the stronger the frequency coupling, especially for a bigger mass ratio l. Moreover, the degree of the frequency coupling when x < x pj is more sensitive to the frequency ratio x=x pj than that when x > x pj .
Rectangular plates partially occupied by uniformly distributed spring-mass
The above analysis is suitable for an arbitrarily shaped plate with any boundary conditions when the plate is fully occupied by the uniformly distributed spring-mass. However, if a plate is partially occupied by the distributed spring-mass, the exact solution of free vibration of the coupled system cannot be obtained. Approximate solutions are thus studied. Consider a rectangular plate with uniformly distributed spring-mass in a rectangular region having the aspect sizes 2a 1 and 2b 1 , as shown in Fig. 3 . The mass and stiffness per unit area of the spring-mass are m and k, respectively. In the present study, the Ritz-Galerkin solution is developed to analyse the coupled vibration of the distributed spring-mass and the rectangular plate with general boundary conditions. In other words, the Ritz method is applied to the energy functional of the rectangular plate and the Galerkin method is used to the motion equation of the distributed-mass. This method is based on such a model that the spring actions are replaced by forces. In such a case, the plate and the distributed-mass can be separated into two systems. One is the plate under the spring-force and the other is the distributed-mass under the spring-force. The spring-forces on the plate and distributed-mass are equal in magnitude but opposite directions. Fig. 2b . Degree of frequency coupling when x P x pj . The smaller the frequency ratio x 1j /x pj or the larger the frequency ratio x 2j =x, the stronger the frequency coupling.
Taking the isolated plate (the spring-force is considered to be the external force), the kinetic energy T p , the potential energy U p of the plate and the work W s of the external force (spring-force) on the plate can be written as follows:
Àa 1 wðx; y; tÞrðx 1 ; y 1 ; tÞ dx 1 dy 1
where r(x 1 , y 1 , t) is the relative displacement of the distributed-mass to the plate as follows: rðx 1 ; y 1 ; tÞ ¼ zðx 1 ; y 1 ; tÞ À wðx; y; tÞ ð 17Þ
In Eq. (16), two sets of Cartesian coordinate systems oxyz and o 1 x 1 y 1 z are used. One set is used to describe the plate deflection and the other set is used to describe the distributed-mass displacement. They have the following relation:
where (x 0 , y 0 ) is the coordinates of the centre of the distributed spring-mass in the plate coordinate system. Taking the following non-dimensional coordinates and parameters:
and substituting Eq. (3) into Eq. (16) gives the maximum kinetic energy T max p , the maximum potential energy U max p and the maximum work W max s in a vibratory period, respectively, The total energy P of the plate under the spring-force can be expressed as follows:
Assuming that
where c ij and d mn are the unknown constants, u i (n), w j (g), p m (n 1 ) and q n (g 1 ) are the admissible functions which will be determined later. The coefficients c ij should be chosen so as to make the functional P a minimum, from which it follows that oP oc ij ¼ 0 ði ¼ 1; 2; 3; . . . ; I; j ¼ 1; 2; 3; . . . ; J Þ ð 24Þ
This is a group of I · J linear equations with I · J + M · N unknown coefficients c ij (i = 1, 2, 3, . . . , I; j = 1, 2, 3, . . . , J) and d mn (m = 1, 2, 3, . . . , M; n = 1, 2, 3, . . . , N) as follows: 
It should be mentioned that the functional minimum in Eq. (24) only corresponds to the coefficients c ij but not to the coefficients d mn because d mn are concerned with the spring-force for the isolated plate. We further consider the isolated distributed-mass system. Substituting Eq. (21) into Eq. (4) gives
Substituting Eq. (26) into the above equation gives
Assuming that p m (n 1 ) (m = 1, 2, 3, . . .) and q n (g 1 ) (n = 1, 2, 3, . . .) are two sets of normalized orthogonal series, respectively, with the weight functions f(n 1 ) and f(g 1 ) in the interval [À1, 1] as follows:
Eq. (28) can be expanded into
where
Eqs. (25) and (30) compose of a group of linear eigenvalue equations, which can be directly solved by using a standard eigenvalue program. The back substitution of the eigenvalues and the corresponding eigenvectors into Eq. (23) gives the mode shapes. It can be seen that a combination of the Ritz method and the Galerkin method has been applied for the derivation of Eqs. (25) and (30). In other words, the Ritz method is applied to the plate vibration analysis through minimizing the energy functional of the plate under the spring-force and the Galerkin method is applied to the motion analysis of the distributed-mass. It should be mentioned that the mass matrix and the stiffness matrix, given by Eqs. (25) and (30), are asymmetric, however only the real eigenvalues and eigenvectors are obtained. This is a physical inevitability because the natural frequencies and modes of free vibration of an undamped structure should be real. In the analysis, the admissible functions are the product of the boundary functions and the Chebyshev polynomial series for the plate u i ðnÞ ¼ ð1 þ nÞ rx ð1 À nÞ sx cos½ði À 1Þ arccosðnÞ w j ðgÞ ¼ ð1 þ gÞ ry ð1 À gÞ sy cos½ðj À 1Þ arccosðgÞ ð32Þ
and for the distributed-mass
In Eq. (32), the powers r x , s x and r y , s y are, respectively, determined by the boundary conditions of the plate at n = À1, n = 1 and g = À1, g = 1.
Taking the boundary n = À1 as an example, r x = 2 means the clamped edge, r x = 1 means the simply supported edge and r x = 0 means the free edge. It is obvious that Eq. (32) can exactly satisfy all the general geometric boundary conditions of the plates. In Eq. (33),
It can be seen that p m (n 1 ) (m = 1, 2, 3, . . .) and q n (g 1 ) (n = 1, 2, 3, . . .) are two sets of normalised Chebyshev polynomial series, which are orthogonal about the weight functions
in the interval [À1, 1], respectively. In other words, they exactly satisfy Eq. (29). The merits of using Chebyshev polynomials to construct the admissible functions in vibration analysis of structures have been discussed (Zhou, 2003) .
Utilising Eq. (4), the distributed-mass displacement can be eliminated from the energy functional of the coupled system (the spring-forces are considered as the internal forces) and from the differential equation of the coupled system as given in Eq. (5). The only unknown function is the plate displacement which can be solved using only the Ritz method or only the Galerkin method. However, in such a case, either the Ritz solution or the Galerkin solution will result in a set of nonlinear eigenvalue equations. This will greatly increase the difficulty of solution. Moreover, it is not easy to construct the suitable admissible functions for the Galerkin solution because the admissible functions in the Galerkin method should not only satisfy the displacement boundary conditions but also the force boundary conditions of the plate. In the present study, the rank of the eigenvalue equation is extended from I · J to I · J + M · N using a combination of the Ritz method and the Galerkin method. Therefore, a set of linear eigenvalue equations has been obtained. In the present Ritz-Galerkin method, the admissible functions used in the Ritz solution only need to satisfy the displacement boundary conditions of the plate whereas those used in the Galerkin solution are not constrained by boundary conditions.
Comparison and validation
Some papers studied the free vibration of rectangular plates with discrete elements such as concentrated sprung/rigid masses or elastic/rigid point-supports (Wu et al., 2003; Zhou and Ji, submitted for publication; Wu and Luo, 1997) . Moreover, some papers have studied the free vibration of rectangular plates with continuous elements such as elastic foundation and distributed solid mass (Avalos et al., 1989; Kopmaz and Telli, 2002; Wong, 2002) . These cases can also be analysed using the present model. For distributed solid mass, a large number can be taken to represent the distributed stiffness k, such as k = 10 8 . Similarly, for elastic foundation, a large number can be taken to represent the distributed-mass m such as m = 10 8 . Moreover, for a concentrated spring-mass with mass M and stiffness K m , a small rectangular region of distributed spring-mass can be taken to represent the concentrated elastic-mass by letting m = M/(4a 1 b 1 ) and k = K m / (4a 1 b 1 ) . In addition, for a concentrated rigid-mass, a large number can be taken to represent K m and for an elastic point-support, a large number can be taken to represent M. In the following calculations, the numbers of terms of the admissible functions are fixed at I = J = M = N = 12 for all cases and a 1 = 0.001a, b 1 = 0.001b are taken to approximately describe the region acted by the concentrated mass and/or stiffness. Poisson's ratio is fixed at m = 0.3.
The first comparison is for a simply supported square plate with a concentrated rigid-mass at n 0 = g 0 = 0.5. Table 1 and compared with the numerical solutions from Kopmaz and Telli (2002) , Wong (2002) , Wu and Luo (1997) and the exact solutions from Gershgorin (1933) , respectively. It is shown from Table 1 that the present solutions closely agree with the solutions from the references.
The second comparison is for a simply supported rectangular plate with distributed solid-mass occupying a rectangular region of the plate. The aspect ratio of the plate is c = 2/3. Two different rectangular regions of the distributed-mass are considered, respectively. The centre of the distributed-mass is at the centre of the plate for both cases. The sizes of one rectangular region are a = b = 0.5 and the mass ratio is l = 0.4. The sizes of another rectangular region are a = b = 0.1 and the mass ratio is l = 10. In the computations, k = 10 8 is used to approximately simulate the infinite stiffness of the distributed solid-mass. The first ten dimensionless frequencies are given in Table 2 and compared with those from Kopmaz and Telli (2002) , Wong (2002) and those Table 2 First 10 dimensionless frequencies from the finite element method. It is observed from Table 2 that the present solutions closely agree with the published data. Method a = 0.25 a = 0.5 a = 0.75 The third comparison is for a simply supported rectangular plate partially supported on elastic foundation. The elastic foundation occupies the left side of the plate, i.e. b = 1, g 0 = 0 and n 0 = a À 1. Three aspect ratios of the plate and three different sizes of the elastic foundation are considered, respectively. In the calculations, the mass ratio is taken as l = 10 8 to approximately simulate an infinite distributed-mass as the earth. The first three dimensionless frequencies are given in Table 3 and compared with those from Avalos et al. (1989) . It is shown from Table 3 that all the results are agreed with those of Avalos et al. (1989) .
Pairs of frequencies and modes
First, we study a square plate with uniformly distributed spring-mass which is within a square region and symmetrically distributed about the centre of the plate, i.e. n 0 = g 0 = 0. The dimensionless mass and stiffness of the spring-mass are taken as l = 1.0 and K = 4.0, respectively. Two kinds of boundary condition, simply supported (SSSS) and cantilevered (CFFF), and five different sizes of the distributed spring-mass, a = b = 0.2, 0.4, 0.6, 0.8 and 1, are considered. Numerical results show that the behaviour of the plate partially occupied by spring-mass is similar to that of the plate fully occupied by spring-mass. The natural frequencies of the coupled system can also be classified into two queues, as given in Table 4 . It is seen that the product of two frequencies in a pair approximates to a constant. Namely, the size effect of the distributed spring-mass on the frequency Fig. 4 . The modes corresponding to the first pair of frequencies for a CFFF square plate with a square region of uniformly distributed spring-mass. (a11) and (a12) are the modes of the distributed-mass and the plate corresponding to k = 0.76539, respectively; (b11) and (b12) are the modes of the distributed-mass and the plate corresponding to k = 2.2220, respectively. product is very small. The mode shapes of the distributed-mass and the cantilevered plate (CFFF), corresponding to the first two pairs of frequencies when a = b = 0.6, are given in Figs. 4 and 5, respectively. The two-dimensional graph of the plate modes when g = 0, corresponding to the first pair of frequencies for the SSSS plate, with respect to different sizes of the distributed spring-mass is given in Fig. 6 . It can be observed from Table 4 and Figs. 4-6 that • The coupled natural frequencies appear in pairs. The mode shapes of the plate corresponding to the frequencies in a pair are similar and approximate to that of the bare plate. (If the spring-mass occupies the whole plate, the mode shapes of the coupled system are exactly the same as those of the bare plate.) • The first frequency in a pair gradually approaches that of the spring-mass from the lower side while the second gradually approaches to those of the bear plate from the upper side, as the order of frequency pairs increases.
• The modes of the crowd and the plate corresponding to the first frequency in a pair are always in the same direction. However, the modes of the crowd and the plate corresponding to the second frequency in a pair are always in the inverse directions. (a22) are the modes of the distributed-mass and the plate corresponding to k = 1.7490, respectively; (b21) and (b22) are the modes of the distributed-mass and the plate corresponding to k = 2.4194, respectively.
• The frequency coupling between the spring-mass and the plate mainly appears in the first few pairs of frequencies, especially in the first pair of frequencies. With the increase of the order of frequency pairs, the degree of the frequency coupling between plate and spring-mass monotonically decreases.
Parametric study
A rectangular plates with three edges simply supported and one edge free at x = a (SSSF), partially occupied by uniformly distributed spring-mass in a rectangular domain, are taken as example to show the effect of various parameters on the coupled frequencies. Such a model can simulate a panel of the grandstand with a crowd of spectators. Three different aspect ratios of the plate are considered: c = 1, 1.5 and 2. Table 5 presents the effect of the sizes of the spring-mass on the first three pairs of frequencies. The mass ratio and dimensionless stiffness of the spring-mass are l = 1.0 and K = 10.0, respectively. The spring-mass always occupies the whole length of the plate in the y direction (b = 1, g 0 = 0) but takes different lengths beginning from the free edge in the x direction (n 0 = 1 À a). Three different lengths of spring-mass in the x direction, as shown in Table 5 , are considered: a = 1/3, 2/3 and 1 and the results are compared with those of the bare plate. It is shown in Table 5 that the degree of frequency coupling increases monotonically with the size increase of the spring-mass and the frequency coupling becomes strongest when the spring-mass occupies the whole plate. Table 6 shows the effect of the position of spring-mass on the first three pairs of coupled frequencies. The distributed spring-mass occupies a half of the plate. Three cases have been considered, the right half, the left half and the upper half, as shown in Table 6 . The results in Table 6 show that the frequency coupling is strongest in the first case and lowest in the second case. In other words, the higher the contribution of spring-mass in free vibration the stronger the frequency coupling. Table 7 gives the effect of the density of spring-mass on the first three pairs of frequencies, i.e. proportionally increasing the mass and stiffness of the distributed spring-mass. The dimensionless frequency of the spring-mass is fixed at k ¼ ffiffiffiffiffi 10 p and the aspect ratio of the plate is c = 1.5. Three different mass ratios and dimensionless stiffnesses are investigated: l = 0.5, K = 5; l = 1, K = 10 and l = 2, K = 20. The spring-mass occupies the whole length in the y direction (b = 1, g 0 = 0). Four different lengths of spring-mass in the x direction, as shown in Table 7 , are considered: a = 1/4, 1/2, 3/4 and 1. It is seen from Table 7 that the frequency coupling monotonically increases with the increase of distributing density of the spring-mass. Table 6 First three pairs of frequencies k ¼ xb Table 7 First three pairs of frequencies k ¼ xb 
Conclusions
This paper investigates the characteristics of free vibration of rectangular plates with uniformly distributed spring-mass. The spring-mass is in a rectangular region, which can occupy a part or whole plate. This model represents a flat floor or a grandstand occupied by a crowd of people. The vibration interaction between a uniform rectangular plate and distributed spring-mass is solved by the combined use of the Ritz method and Galerkin method. The main conclusions obtained are summarized as follows:
• The mode shape of the uniformly distributed-mass is equal to that of the plate multiplied by a magnitude ratio in the attached region. The magnitude ratio corresponding to the first frequency in a pair is always positive and that corresponding to the second frequency is always negative.
• The natural frequencies and modes of the coupled system appear in pairs. The mode shapes of the plate corresponding to the frequencies in a pair are similar to the related mode of the bare plate. If the spring-mass occupies the whole plate, the mode shapes of the plate corresponding to the frequencies in a pair are the same as that of the bare plate.
• The vibratory characteristics of the coupled system can be approximately represented by a series of discrete TDOF systems. If the spring-mass occupies the whole plate, this representation is exact. This provides a theoretical background for the study of human-structure interaction using a TDOF system. • The frequency coupling between spring-mass and plate mainly appears in the first several pairs of frequencies, especially in the first pair of frequencies.
• With the increase of the occupation of the spring-mass on a plate, the frequency coupling of the plate and spring-mass monotonically increases. The frequency coupling reaches to the maximum when the springmass occupies the whole plate.
